Homogeneous weights and exponential sums  by Voloch, José Felipe & Walker, Judy L.
Finite Fields and Their Applications 9 (2003) 310–321
Homogeneous weights and exponential sums
Jose´ Felipe Volocha and Judy L. Walkerb,
aDepartment of Mathematics, University of Texas, Austin, TX 78712, USA
bDepartment of Mathematics, University of Nebraska, Lincoln, NE 68588-0323, USA
Received 24 October 2001; revised 18 December 2002; accepted 18 December 2002
Communicated by Jacques Wolfmann
Abstract
In this paper, we give a formula as an exponential sum for a homogeneous weight deﬁned by
Constantinescu and Heise (Problems Inform. Transmission 33 (1998) 208) in the case of
Galois rings (or equivalently, rings of Witt vectors) and use this formula to estimate the weight
of codes obtained from algebraic geometric codes over rings.
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
The Gray map is the isometry f : Z=4Z-F22 deﬁned by fð0Þ ¼ ð0; 0Þ; fð1Þ ¼
ð0; 1Þ; fð2Þ ¼ ð1; 1Þ; and fð3Þ ¼ ð1; 0Þ; where Z=4Z is the given Lee metric and F22 the
Hamming metric. It is extended to a map, again denoted by f : ðZ=4ZÞn-F2n2 ; by
applying the previous f to each coordinate. The Gray map allows us to construct
(non-linear) binary codes from linear codes over Z=4Z and this has been the subject
of many recent papers (see, for example, [2,7]).
Carlet [3] generalized the Gray map to a bijection between Z=2kZ and a subset of
F2
k1
2 ; which is in fact the ﬁrst-order Reed–Muller code Rð1; k  1Þ: Naturally, one
can extend the map coordinatewise to ðZ=2kZÞn and thus construct (non-linear)
binary codes from Z=2kZ-linear codes. Carlet also gave a formula for the weight of
an element in Z=2kZ (obtained by pulling back the Hamming weight in F2
k1
2 ) as an
exponential sum.
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Greferath and Schmidt [6] further generalized the Gray map to an arbitrary ﬁnite
chain ring with a certain homogeneous weight, recalled below. They used their map
to construct interesting non-linear binary codes, but did not produce a formula like
Carlet’s for their weight.
The notion of homogeneous weight was ﬁrst introduced by Constantinescu and
Heise [4] for Z=mZ and studied further by Honold [8] and Honold and Nechaev [9]
and by Greferath and Schmidt [6]. The results of [8] can be used to give a formula as
an exponential sum for the homogeneous weight in the case of Galois rings (or
equivalently, rings of Witt vectors). The main purpose of this paper is to use this
formula to estimate the weight of codes obtained from algebraic geometric codes
over rings.
2. Homogeneous weights
Let Fq denote the ﬁnite ﬁeld of q elements and let p be the characteristic of Fq; so
that q ¼ pm for some m: Let WcðFqÞ be the ring of Witt vectors of length c over Fq:
The ring WcðFqÞ is a ﬁnite local ring with qc elements and maximal ideal generated
by p; such that pc ¼ 0: It is isomorphic to the Galois ring denoted by GRðpc; mÞ;
which is the degree m extension of Z=pcZDWcðFpÞ:
One can deﬁne the Frobenius and trace maps for a ring of Witt vectors WcðFpmÞ:
Let x ¼ ðx0; x1;y; xc1ÞAWcðFpmÞ: The Frobenius F : WcðFpmÞ-WcðFpmÞ is given
by FðxÞ ¼ Fððx0; x1;y; xc1ÞÞ ¼ ðxp0; xp1;y; xpc1Þ: The trace map Tr : WcðFpmÞ-
WcðFpÞDZ=pcZ is given by TrðxÞ ¼ x þ FðxÞ þ?þ Fm1ðxÞ:
Following Constantinescu and Heise [4], we deﬁne the (homogeneous) weight of
xAWcðFqÞ as follows:
wtðxÞ :¼
0 if x ¼ 0;
qc1 if x is a non-zero element of the ideal generated by pc1;
ðq  1Þqc2 otherwise:
8><
>:
Note that when c ¼ 1 this does not give the Hamming weight but ðq  1Þ=q times
the Hamming weight. However, for the most part, our results are not interesting for
c ¼ 1:
It is well-known that the space of complex-valued functions on any ﬁnite abelian
group G has a basis consisting of characters, that is, homomorphisms G-C:
Applying this to the additive group of WcðFqÞ; we see that any weight, in particular
w; will be given as a linear combination of characters. The characters of the additive
group of WcðFqÞ are all of the form x/zTrðaxÞ; where z is a primitive pcth root of
unity, Tr is the trace map deﬁned above and a runs through WcðFqÞ: This is well-
known, see e.g. [15, Example 4.4 (vi)].
We proceed to give explicitly the (Fourier) coefﬁcients of the expansion of the
weight deﬁned by Greferath and Schmidt as a linear combination of characters. This
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result follows from the results of [8], which are more general, but we will give a
simple, direct proof.
Theorem 2.1. For any x in WcðFqÞ we have





where U is the group of units of WcðFqÞ:
Proof. Since jU j ¼ qc  qc1; the formula holds for x ¼ 0: If x ¼ pc1y is in the ideal
generated by pc1; so is ax and TrðaxÞ ¼ pc1TrðayÞ: Now, x ¼ zpc1 is a primitive
pth root of unity and y can be taken to be in Fq by identifying yAFq with its
Teichmu¨ller representative. Further, pc1TrðayÞ only depends on amodulo p and
given a residue class modulo p; there are qc1 possible values of a: We now count the
number of solutions aAFq to the equation TrðayÞ ¼ cAFp: We see that c has q=p pre-
images under Tr in Fq; which are all non-zero if c is non-zero; thus, there are q=p
solutions to our equation if c is non-zero. When c ¼ 0; we have again q=p pre-images
under Tr but one of them is the zero element of Fq; which we exclude, and we obtain
q=p  1 solutions to our equation. The right-hand side of the formula in the theorem
becomes

















xc ¼ 1; the last expression becomes
ðq  1Þqc2  qc2ðq=p  1 q=pÞ ¼ qc1;
as desired.
If x is not in the ideal generated by pc1; then x ¼ pry; for some unit y of WcrðFqÞ
and some roc 1: As above, we can replace z with zpr and replace x by y: Since y is
a unit, we can re-index the sum so that we are left needing to show thatP
aAU z
TrðaÞ ¼ 0 for any c41: Given cAZ=pcZ; there are ðq=pÞc solutions in WcðFqÞ
to TrðaÞ ¼ c: If c is a unit, all these solutions are units, whereas if c is not a unit, only
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On the other hand, clearly
P
cAZ=pcZ z
c ¼ 0 and we also have PcAðZ=pcZÞ zc ¼ 0
since this is the QðzÞ=Q-trace of z; which is, up to sign, the coefﬁcient of xpcðp1Þ1 in
the polynomial ðxpc  1Þ=ðxpc1  1Þ and this coefﬁcient is zero for c41: This
completes the proof. &
3. Algebraic geometric codes
Generalizing the work of Goppa for codes over ﬁnite ﬁelds, the second author has
constructed codes from curves over ﬁnite rings and shown, for instance, that the
Nordstrom–Robinson code can be obtained from her construction followed by the
Gray mapping (see [13,14]). The authors have further studied this construction in
[11,12] and there has been further work along these lines in [1,5].
To construct these codes, one begins with a local Artinian ring A with ﬁnite
residue ﬁeld Fq and a curve (a connected irreducible scheme over Spec A which is
smooth of relative dimension one) X deﬁned over A: Assume that the closed ﬁber
X :¼ XSpecA Spec Fq of X is absolutely irreducible, and let Z ¼ fZ1;y; Zng be a
set of A-points on X with distinct specializations P1;y; Pn in X : Let G be a (Cartier)
divisor on X such that no Pi is in the support of G; and let OXðGÞ be the
corresponding line bundle. If fALðGÞ :¼ GðX;OXðGÞÞ; we may think of f as a
rational function on X; and since each Zi is an A-point whose specialization is not in
suppðGÞ; we have that f ðZiÞAA for i ¼ 1;y; n:
Deﬁnition 3.1 (Walker [14]). Let A; X; Z and G be as above. Then
CðX;Z;GÞ :¼ fðf ðZ1Þ;y; f ðZnÞÞ j fALðGÞg
is the algebraic geometric code over A associated to X; Z and G:
The following theorem summarizes some of the main results of [14].
Theorem 3.2 (Walker [14]). Let X; G; and Z ¼ fZ1;y; Zng be as above. Let g
denote the genus of X; and suppose 2g  2odegGon: Set C ¼ CðX;Z;GÞ: Then C is
a linear code of length n over A, and is free as an A-module. The dimension (rank) of C
is k ¼ degGþ 1 g; and the minimum Hamming distance of C is at least n  degG:
Remark 3.3. The minimum Hamming distance is obtained by comparing zeros and
poles and the dimension computation is a consequence of the Riemann–Roch
Theorem. See [13] for details.
Now restrict to the case A ¼ WcðFqÞ; as in Section 2. We see from above that if
ðx1;y; xnÞ is a codeword in CðX;Z;GÞ for some X; G; and Z ¼ fZ1;y; Zng as
above, then there is a function fALðGÞ such that xj ¼ f ðZjÞ for j ¼ 1;y; n: The
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homogeneous weight of this codeword is then







where, as before, U is the group of units of A: To ﬁnd a lower bound on the
minimum homogeneous weight of the code CðX;Z;GÞ; then, we need to ﬁnd an







For simplicity, we restrict to the case where the divisor G on X is of the form rZ
for some A-point Z on X and some integer r42g  2; where g is the genus of X: We
further assume that the disjoint A-points Z1;y, Zn are chosen so that XðFqÞ is
precisely fP1;y; Png,fQg; where Q is the unique closed point contained in Z and
Pi is the unique closed point contained in Zi for i ¼ 1;y; n:
Using the results of Section 4 in addition to [5,11,12] we can bound the sum (2) in
several situations. The ﬁrst step in each situation is to translate the sum from being a
sum over A-points on the curve X deﬁned over A; to being a sum over Fq-points on
the curve X ¼ XSpec A Spec Fq; which is deﬁned over Fq: Doing so also changes the
rational function fALðGÞ ¼ LðrZÞ on X to a Witt vector of rational functions f ¼
ðf0;y; fc1Þ; where each fi is a rational function on X having all of its poles at Q:
Then we apply the following theorem, which is a special case of a theorem in [12].
Theorem 3.4 (Voloch and Walker [12]). Let X be a curve of genus g defined over the
finite field Fq with function field K :¼ FqðX Þ: Let f1;y; fc1AK have poles only at Q
and consider the Witt vector of rational functions f :¼ ðf0;y; fc1ÞAWcðKÞ: Set X0 ¼
X \fQg and assume that f is not of the form FðgÞ  gþ c for any gAWcðKÞ and any






c1i deg fi j 0pipc 1gÞ ﬃﬃﬃqp :
4. Basic estimates
From the discussion above, it is clear that we need to understand, for each
fAWcðKÞ; the set
BðfÞ :¼ faAU j af ¼ FðgÞ  gþ c for some gAWcðKÞ and some cAWcðFqÞg:
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Notice that if Fðg1Þ  g1 þ c1 ¼ Fðg2Þ  g2 þ c2; then Trðc1Þ ¼ Trðc2Þ: Thus, we
have a well-deﬁned function t : BðfÞ-Z=pcZ given by tðaÞ ¼ TrðcÞ for any c such
that af ¼ FðgÞ  gþ c for some gAWcðKÞ: We partition the set BðfÞ into three
subsets: BðfÞ ¼ B1ðfÞ,B2ðfÞ,B3ðfÞ; where
B1ðfÞ :¼ faABðfÞ j tðaÞepc1Z=pcZg;
B2ðfÞ :¼ faABðfÞ j tðaÞApc1Z=pcZ\f0gg;
B3ðfÞ :¼ faABðfÞ j tðaÞ ¼ 0g:






















where f is the Witt vector of rational functions on X0 corresponding to the rational
function f on X:
We will treat each of the four terms in the sum above separately, with the fourth
being covered by Theorem 3.4. Note that if af ¼ FðgÞ  gþ c then raf ¼ FðrgÞ 
rgþ rc and so for i ¼ 1; 2; 3; if aABiðfÞ then so is ra for each rAðZ=pcZÞ: Thus,
each BiðfÞ splits into ðZ=pcZÞ-orbits.






pc  pc1 if aAB3ðfÞ:
8><
>:








Suppose aAB1ðfÞ: Then ptðaÞa0 and so the map s/ðzptðaÞÞs is a non-trivial
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for any primitive pth root of unity o gives the result in this case.
Finally, if aAB3ðfÞ; then ztðaÞ ¼ 1; completing the proof. &
Using the lemma, we have that the sum (3) is at most







and we see we need to ﬁnd B3ðfÞj j:
We treat the case c ¼ 1 ﬁrst. Let X be a curve over Fq; ﬁx PAXðFqÞ; and set
LðNPÞ ¼ SrX0 LðrPÞ: Let R ¼ frX0 j LðrPÞaLððr  1ÞPÞg; so that LðNPÞ is in
fact
S
rAR LðrPÞ: The set LðNPÞ is an inﬁnite-dimensional vector space over Fq; and
we wish to choose a basis for it. This basis can be indexed by R; so that the basis
element fr lives in LðrPÞ but not in LðsPÞ for any sor in R: In particular, deg fr ¼ r;
where ‘‘deg’’ is understood to mean the negative of the valuation at P: Set f0 ¼ 1; and
assume ft has been chosen for all tAR with tor: If r is divisible by p and s :¼ r=p is in
R; set fr ¼ f ps : Otherwise, choose fr arbitrarily in LðrPÞ\Lððr  1ÞPÞ:
Deﬁne f : LðNPÞ-LðNPÞ by fðgÞ ¼ gp  g: (Note that f could be deﬁned on all
of FqðXÞ; but since fðgÞALðNPÞ if and only if gALðNPÞ; we can restrict our
deﬁnition of f to this set.) We are interested in the following question: Given
gALðNPÞ; for how many values of aAFq is afðgÞ in the image of f? To this purpose
deﬁne an equivalence relation on R by rBr0 if r=r0 is a power of p: Call an element of
LðNPÞ pure if, in its expansion as linear combination of the fr; non-zero coefﬁcients
occur only for r in a single equivalence class with respect toB: It is clear that every
element of LðNPÞ can be written as a sum of pure functions in a unique way. From
our construction of the fr it is clear that f maps pure functions to pure functions.
Proposition 4.2. Let gALðNPÞ; geFq: If deg g ¼ pme; where either e is not divisible by
p or e=peR; then there are at most pmþ1  1 values of aAFq such that afðgÞ is in the
image of f:
Proof. If we have an equation afðgÞ ¼ fðhÞ and we decompose g and h as a sum of
pure functions, we will get an equation for each of the corresponding summands.
Moreover, there is a term in the decomposition of g of degree pme: It follows that we
may assume that g and h are pure. Let Re ¼ frAR j r ¼ pje; 0pjpmg and write
g ¼PrARe grfr and h ¼PrARe Zrfr: It follows that Zppme ¼ agppme and that for




 gpjþ1eÞ ¼ Zpjþ1e and Ze ¼ age: We can successively
eliminate the Z’s from this system of equations to obtain a polynomial equation of
degree pmþ1 in a in terms of the g’s. This polynomial equation has no constant term,
and so a ¼ 0 is one solution. That leaves at most pmþ1  1 solutions in Fp : &
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Now we treat the case of general c: For g ¼ ðg0;y; gc1ÞAWcðKÞ; deﬁne
fðgÞ ¼ FðgÞ  g: The notation is consistent with our previous use of f in the case
c ¼ 1: The following technical lemma will be useful.




























because ð1; 0;y; 0Þðy0;y; yiÞ ¼ ðy0;y; yiÞ since ð1; 0;y; 0Þ is the identity for
multiplication in Wn: So,





Dividing by pn we get
zn  yn þ xnyp
n
0 ðmod pÞ;
as we wanted. &
Theorem 4.4. Let g ¼ ðg0;y; gc1ÞAWcðLðNPÞÞ; where LðNPÞ is as above. Assume
g0eFq: If deg g0 ¼ pme; where either e is not divisible by p or e=peR; then there are at
most pðc1Þðmþ1Þðpmþ1  1Þ values of aAWcðFqÞ such that afðgÞ is in the image of f:
Proof. We proceed by induction on c; with the base case given by Proposition 4.2.
Suppose a  a0 ðmod pc1Þ and there are functions h and h0 such that aðFðgÞ  gÞ ¼
FðhÞ  h and a0ðFðgÞ  gÞ ¼ Fðh0Þ  h0: Then a0a1ðFðhÞ  hÞ ¼ Fðh0Þ  h0; with
a0a1  1 ðmod pc1Þ and deg h0 ¼ deg g0: We will show that the number of
aAWcðFqÞ such that afðgÞ is in the image of f; with a  1 ðmod pc1Þ; i.e., a of
the form a ¼ ð1; 0;y; 0; ac1Þ for some ac1AFq; is at most pmþ1: The induction
hypothesis entails that there are at most pðc2Þðmþ1Þðpmþ1  1Þ values of aAWc1ðFqÞ
such that afðg0;y; gc2Þ is in the image of f and the theorem will follow.
So assume a ¼ ð1; 0;y; 0; ac1Þ and afðgÞ ¼ fðhÞ for some h: Then we have
fðgÞ  fðhÞ ðmod pc1Þ and so we may assume hi ¼ gi for 0pipc 2: The last
coordinate of fðgÞ is of the form gpc1  gc1 þ Sðg0;y; gc2Þ for some polynomial
S; and so by Lemma 4.3 and the previous sentence, we get the equation ac1ðgp0 
g0Þp
c1 ¼ ðhc1  gc1Þp  ðhc1  gc1Þ; and we just need to count the number of
ac1AFq such that this is possible. Picking bAFq and kAK such that bp
c1 ¼ ac1 and
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kp
c1 ¼ hc1  gc1 (such a b and k necessarily exist and are unique), we see that this
equation is satisﬁed if and only if bðgp0  g0Þ ¼ kp  k: Proposition 4.2 shows that
there are at most pmþ1  1 non-zero b satisfying this equation, thus at most pmþ1
total values of b; as desired. &
Now we can state and prove our basic estimate.
Theorem 4.5. Let X be a curve of genus g defined over A :¼ WcðFqÞ and let X ¼
XSpec A Spec Fq: Let Z be an A-point on X containing the point QAX ðFqÞ and pick
an integer r42g  2: Let X0 ¼ X \fQg: Assume there is some lift of points
l : X0ðFqÞ-XðAÞ so that for fALðrZÞ and PAX0ðFqÞ; we have f ðlðPÞÞ ¼
ðf0ðPÞ;y; fc1ðPÞÞ as a Witt vector, where fiALðNQÞ for each i. For fALðrZÞ; let
eðf Þ be the corresponding codeword in CðX;Z; rZÞ: Assume that prpq and that
nXð2g  1þmax0pipc1 fpc1i deg figÞ ﬃﬃﬃqp ; then











Proof. If f0eFq choose m with pmorppmþ1 and apply Theorem 4.4 to get
jB3ðfÞjppðc1Þðmþ1Þðpmþ1  1ÞpðprÞc1ðpr  1Þ (note for further reference that the
last quantity is at most qc1ðq  1Þ by hypothesis). Now using Theorem 3.4 and
Eqs. (1)–(4) it follows that
wðeðf ÞÞ







Xnðq  1Þqc2  1
q





































Now suppose f0 is a non-zero constant. Then f ðlðPÞÞ is a unit for each PAX0ðFqÞ;
and so wtðeðf ÞÞ ¼ nðq  1Þqc1:
Finally, suppose f0 ¼ 0: Let j be chosen so that fi ¼ 0 for ioj and fja0: If j ¼
c 1; then f ðlðPÞÞApc1A for each PAX0ðFqÞ and so wtðeðf ÞÞ ¼ nqc1: If joc 1;
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then since LðrZÞ is a free A-module, there is a rational function hALðrZÞ such that





know h0a0: If h0AFq; then wtðeðf ÞÞ ¼ nðq  1Þqc2: Otherwise, we have


















There is a natural well-known lift of points from P1ðFqÞ to P1ðWcðFqÞÞ; namely
the Teichmu¨ller lift. The point at inﬁnity over Fq lifts to the point ZN at inﬁnity over
WcðFqÞ and the afﬁne point with coordinate x lifts to tðxÞ ¼ ðx; 0;y; 0Þ: If f is a
polynomial with coefﬁcients in WcðFqÞ and degree r then f 3t is given by a Witt vector
f ¼ ðf0; f1;y; fc1Þ; where the fi’s are polynomials with coefﬁcients in Fq satisfying
deg fippir: Consider C ¼ CðP1;Z;GÞ; where Z consists of the Teichmu¨ller lifts of
the afﬁne points of P1ðFqÞ and G ¼ rZN for some rX0: Thus, n ¼ q and applying
Theorem 4.5 if prpq and ﬃﬃﬃqp Xpc1r  1; we see that the minimum homogeneous
weight of this code is at least




ðq  ðpc1r  1Þ ﬃﬃﬃqp Þ:
5.2. Elliptic curves
Let E be an ordinary elliptic curve deﬁned over the ﬁeld Fq; let E be the curve over
WcðFqÞ obtained by reducing the Serre–Tate canonical lift (see [10]) of E modulo pc;
and let t : EðFqÞ-EðWcðFqÞÞ be the associated elliptic Teichmu¨ller lift of points. The
next theorem is from [12].
Theorem 5.1 (Voloch and Walker [12]). Let E and E be as above, and let G ¼ rtðQÞ
for some QAEðFqÞ and rX0: Then for fALðGÞ and PAE\fQg; we have f ðtðPÞÞ ¼
ðf0ðPÞ; f1ðPÞ;y; fc1ðPÞÞ as a Witt vector, where fiALðð2pÞirPÞ for i ¼ 0; 1;y; c 1:
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Combining Theorem 5.1 with Theorem 4.5, we get:
Corollary 5.2. Let E; E; and G be as above, set Z :¼ ftðPÞ jPAEðFqÞ\fQgg; and let
n ¼ #Z: Then, provided that prpq and nXð1þ ð2pÞc1rÞ ﬃﬃﬃqp ; the minimum
homogeneous weight of CðE;Z;GÞ is at least
ðq  1Þqc2  1
q
ðprÞc1 ðpr  1Þ
 
ðn  ð1þ ð2pÞc1rÞ ﬃﬃﬃqp Þ:
In the speciﬁc cases where c ¼ 2 or 3, Finotti [5] was able to improve upon the
degrees of the functions fi in Theorem 5.1 which leads to a corresponding
improvement in the above theorems.
5.3. Plane curves with a unique point at infinity; c ¼ 2
In [11], the results of [12] were extended to the case of a plane curve with a unique
point at inﬁnity deﬁned over a ring of Witt vectors of length 2. More precisely, let X
be a proper plane curve over W2ðFqÞ with afﬁne open subset given by Hðx; yÞ ¼ 0:
Setting X :¼ XSpec W2ðFqÞ Spec Fq; we have that X has an afﬁne open subset given




iyj; where d and e are coprime integers with ae0c0 ðmod pÞ
and a0dc0 ðmod pÞ; and that the afﬁne curve Hðx0; y0Þ ¼ 0 is smooth. Notice that
the complement of the afﬁne subset of X consists of a single point PN; and that the
genus of X can be computed to be ðd  1Þðe  1Þ=2:
Theorem 5.3 (Voloch and Walker [11]). Let X; X ; and PN be as above. Then there is
a ‘‘lift of points’’ l : XðFqÞ\fPNg-XðW2ðFqÞÞ such that for any fALðrZNÞ; we have
f 3l ¼ ðf0; f1ÞAW2ðFqðXÞÞ: Further, f0ALðrPNÞ and f1ALðgðrÞPNÞ; where gðrÞ is a
linear polynomial in r, independent of f and satisfying gðrÞppðr  1Þ þ 2gðp þ 1Þ:
Again, we apply Theorem 4.5 to get:
Theorem 5.4. Let X; X ; PN; ZN; and r be as above, and set Z :¼ flðPÞ j PAXðFqÞ\
fPNgg: Then, provided that prpq and nXðð2p þ 4Þg þ pðr  1Þ  1Þ ﬃﬃﬃqp ; the minimum
homogeneous weight of CðX;Z; rZNÞ is at least




ðn  ðð2p þ 4Þg þ pðr  1Þ  1Þ ﬃﬃﬃqp Þ:
The above results include hyperelliptic curves as special cases. However, in this
case Finotti [5] also used his methods to provide results about the degrees of certain
lifts of hyperelliptic curves, which are better than the above. Finally, Blache [1] has
obtained general bounds on degrees of lifts for arbitrary curves. They are weaker
than the above results but apply to more general curves.
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